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a b s t r a c t
In this paper, we consider locally stabilized pairs (P1, P1)-nonconforming quadrilateral and
hexahedral finite element methods for the two- and three-dimensional Stokes equations.
The stabilization is obtained by adding to the bilinear form the difference between an exact
Gaussian quadrature rule for quadratic polynomials and an exact Gaussian quadrature
rule for linear polynomials. Optimal error estimates are derived in the energy norm and
the L2-norm for the velocity and in the L2-norm for the pressure. In addition, numerical
experiments to confirm the theoretical results are presented. From our numerical results,
we observe that the proposed stabilized (P1, P1)-nonconforming finite element method
shows better performance than the standard method.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we are interested in a locally stabilized nonconforming finite element method for the stationary
incompressible Stokes problem. It is well known when the finite element method is applied to solve the Stokes equations,
the approximation of the finite element spaces for the velocity and pressure must satisfy the discrete inf–sup condition.
Up until now, several successful finite elements satisfying this condition have been proposed and used. Examples of well
known pairs of the triangular conforming finite element spaces include the (P2, P0) and (P2, P1) (Taylor–Hood element)
elements, the MINI element (the cubic bubble functions are added to the P1 finite element space for the velocity) [1–4]. For
thenonconforming finite element spaces, Crouzeix andRaviart [5] presented a linear nonconforming finite element (denoted
by CR) and applied the stable (CR, P0)-nonconforming finite element for the stationary Stokes equations in 1973. In 1984,
Han [6] introduced a rectangular nonconforming finite element which had five degrees of freedom. In 1992, Rannacher
and Turek [7] considered a rotated Q1 element (denoted by RT ) and showed that (RT ,Q0) satisfied the discrete inf–sup
condition. In 1999, Douglas et al. [8] modified the RT element and proposed the so-called DSSY element with four degrees
of freedom. At the same time, Cai et al. [9] showed that (DSSY ,Q0) satisfied the discrete inf–sup condition and applied to the
stationary Stokes and Navier–Stokes equations. Note that RT element and DSSY element have the same degrees of freedom,
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namely, four degrees of freedom for the two dimensions and six degrees of freedom for the three dimensions. In 2003, Park
and Sheen [10] presented the P1-nonconforming quadrilateral element (denoted by PS) to solve the second-order elliptic
problem. This element had only three degrees of freedom for the quadrilateral element and four degrees of freedom for
the hexahedral element. In 2005, Hu and Shi [11] defined a constrained nonconforming rotated Q1 element (denoted by
HS), which had three degrees of freedom on each element, too. And then, Hu et al. [12] applied the (HS,Q0) to the two-
dimensional Stokes problem and obtained optimal error estimates in the energy norm for the velocity and the L2-norm
for the pressure. In fact, the two HS and PS elements are equivalent on rectangular meshes, however, they are different on
general quadrilateral meshes. In 2006, Grajewski et al. [13] presented in detail the numerical behavior of PS element with
special emphasis on the treatment of the Dirichlet boundary condition and showed some numerical experiments on the
quadrilateral meshes. Recently, Feng et al. [14] presented a (PS,Q0)-nonconforming finite element for the two-dimensional
and three-dimensional Stokes equations and considered to define the interpolation operator on each quadrilateral meshes.
Moreover, although the low-order conforming pairs do not satisfy the discrete inf–sup condition, lots of stabilized finite
element methods have been developed and analyzed for the Stokes and Navier–Stokes equations (For instance, Brezzi
and Douglas [15], Brezzi and Fortin [16], Codina and Blasco [17], Douglas and Wang [3], et al.). Recently, Bochev and
Gunzburger [18], Bochev et al. [19], Dohrmann and Bochev [20] compensated for the inf–sup deficiency and proposed some
stabilizedmethods by using the conforming pairs (P1, P0) and (P1, P1). In 2007, Li and He [21] introduced a stabilizedmethod
based on the Gaussian quadrature rule and proposed the lowest equal-order pair of (P1, P1)-conforming finite element for
the Stokes equations. And then He and Li [22] presented a stabilized finite element method based on the locally polynomial
space of pressure for the stationary Navier–Stokes equations. In 2008, Li and Chen [23] applied them to the (CR, P1)-
nonconforming finite element space for the two-dimensional Stokes equations. Furthermore, Li et al. [24] proposed the
method based on the lowest equal-order pair (P1, P1) and investigated various stabilized finite element methods for the
two-dimensional Stokes equations numerically. In 2008, Becker and Hansbo [25] presented a stabilizedmethod by using the
standard equal-order conforming pairs (P1, P1) and (P2, P2). In 2010, Shang [26] used a similar technique and extended it
to the two-dimensional time dependent Stokes problem. Notice that they made numerical experiments only by using the
triangular conforming and nonconforming finite element pairs.
In this paper, we consider a locally stabilized finite element method and adopt the P1-nonconforming quadrilateral and
hexahedral elements for the approximation of both velocity and pressure variables, namely the (PS, PS) element pair, in
solving the incompressible Stokes problem. Moreover, we investigated numerically stabilized method based on the lowest
equal-order nonconforming pair (PS, PS) and the standard finite element method based on the same pair for the two and
three-dimensional Stokes equations, respectively. This paper can be considered as a sequel of the work in Refs. [19,20] and
a complement for the works in Refs. [22,21,24,23] in a sense that it demonstrates the high efficiency of the locally pressure-
projection stabilizedmethods and illustrates the great flexibility of the definition of the pressure-projection operator.
The remainder of this paper is organized as follows. In Section 2, some basic notations and preliminary results for the
Stokes problem are stated. In Section 3, the P1-nonconforming finite elements in two and three dimensions are described
(denoted by PS). In Section 4, a stabilized finite element method is introduced. Stability and error estimates for the stabilized
finite elementmethod are derived in Section 5. In Section 6, somenumerical experiments for the Stokes equations on various
meshes are illustrated to confirm the theoretical results. Also conclusions are included.
2. Preliminaries
LetΩ be a bounded, open subset inRd (d = 2 or 3)with the Lipschitz boundary ∂Ω . We consider the following stationary
Stokes equations:
−ν1u+∇ p = f inΩ,
div u = 0 inΩ, (2.1)
u = 0 on Γ = ∂Ω,
where u = (u1, . . . , ud) represents the velocity vector, p is the pressure, f = (f1, . . . , fd) is a prescribed body force, and
ν > 0 denotes the viscosity. To introduce the variational formulation of the Stokes equations, we set
L20(Ω) =

q ∈ L2(Ω) :
∫
Ω
q dx = 0

.
From now on, we use the standard notations and definitions for the Sobolev spaces [Hs(Ω)]d, and their associated inner
products (·, ·)s,Ω , norms ‖ · ‖s,Ω , and semi-norms | · |s,Ω , s ≥ 0. If s = 0, the subscript smay be omitted. The space [H0(Ω)]d
coincides with [L2(Ω)]d, in case that the norm and inner product are denoted by ‖ · ‖0 and (·, ·), respectively. Then, the
variational formulation of (2.1) is to seek a pair (u, p) ∈ [H10 (Ω)]d × L20(Ω) such that
B((u, p); (v, q)) = (f, v) ∀(v, q) ∈ [H10 (Ω)]d × L20(Ω), (2.2)
where
B((u, p); (v, q)) = a(u, v)− b(v, p)− b(u, q),
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Fig. 1. A typical quadrilateralwith vertices Vj ’s, edges Ej ’s, andmidpointsM ′j s, The connection of fourmidpointsMj, j = 1, . . . , 4, becomes a parallelogram.
and the bilinear forms are defined by
a(u, v) = ν(∇ u,∇ v) = ν
d−
j=1
(∇ uj,∇ vj) and b(v, q) = (div v, q).
It iswell known that the bilinear form b(·, ·) satisfies the continuous inf–sup condition, i.e., there exists a positive constant
β depending only onΩ such that
sup
v∈[H10 (Ω)]d
b(v, q)
‖v‖1,Ω ≥ β‖q‖0 ∀q ∈ L
2
0(Ω). (2.3)
From the Lax–Milgram theorem, we have the well-posedness of the Stokes problem (2.1). Since the domainΩ is convex,
the regularity of the solution of (2.1) holds [27]; i.e., there exists a unique solution (u, p) ∈ ([H2(Ω)]d∩[H10 (Ω)]d)×H1(Ω)
of (2.1) satisfying the following a priori estimate
‖u‖2,Ω + ‖p‖1,Ω ≤ C‖f‖0, (2.4)
where C is a constant depending only on ν andΩ .
3. The P1-nonconforming quadrilateral and hexahedral elements
3.1. Two-dimensional P1-nonconforming quadrilateral element
In this subsection, we introduce the P1-nonconforming quadrilateral element which was defined in [10].
Let Q denote a convex quadrilateral with vertices Vj, j = 1, . . . , 4. For j = 1, . . . , 4, we define Ej as the edge connecting
Vj−1 and Vj, and byMj as its midpoint. Here, and in what follows, the subindices for quadrilaterals will be identified modulo
4 so that V0 = V4, E1 = E5,M2 = M6, and so on. The P1-nonconforming quadrilateral element for the velocity will be based
on
S(Q ) = Span{1, x, y}.
First, we introduce the following useful lemma (Fig. 1).
Lemma 3.1 ([10]). If u ∈ S(Q ), then u(M1)+u(M3) = u(M2)+u(M4). Conversely, if uj is a given value at Mj, for j = 1, . . . , 4,
satisfying u1 + u3 = u2 + u4, then there exists a unique function u ∈ S(Q ) such that u(Mj) = uj, j = 1, . . . , 4.
By using Lemma 3.1, we define the local basis functions: for j = 1, . . . , 4, let ϕj : Q → R be the linear basis functions
such that
ϕj(m) =

1, ifm = Mj,Mj+1,
0, ifm = Mj+2,Mj+3. (3.1)
Since ϕ1 + ϕ3 = ϕ2 + ϕ4,we have
S(Q ) = Span{ϕ1, ϕ2, ϕ3, ϕ4}
and dim (S(Q )) is three.
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Fig. 2. Vj denote the vertices, j = 1, . . . , 8, and Mk the barycenters of the faces, k = 1, . . . , 6. For example, M1 is the barycenter of face composed of V1 ,
V2 , V3 , and V4 , and so on.
Also, we know that, for k = 1, . . . , 4, ϕk are linear and ϕk(Ej) = δjk, j = 1, . . . , 4. Thus, it can be easily confirmed that∫
Ej
ϕk ds =
|Ej|, j = k, k+ 1,
0, j = k+ 2, k+ 3, (3.2)
where |Ej| denotes the length of the edge Ej.
3.2. Three-dimensional P1-nonconforming hexahedral elements
The results concerning quadrilateral elements in the previous subsection can be extended to three-dimensional case
without difficulty. In this subsection, we limit ourselves to describe the space, which is a direct extension of that in two
dimensions. Thus, each component of the velocity is approximated by the P1-nonconforming finite element. The three-
dimensional finite element has again continuity at the barycenters of interelement faces, along with the requirement that
the nodal values on the boundary are vanished. As in [10], we consider the P1-nonconforming three-dimensional element S
on a hexahedron Q ∈ R3.
Let Vj, j = 1, . . . , 8, denote the vertices of hexahedron Q . We defineMj, j = 1, . . . , 6, as the barycenter of faces Fj and
the associated faces of Q .
The P1-nonconforming hexahedral element for the velocity will be based on
S(Q ) = Span{1, x, y, z}.
Analogously to Lemma 3.1, we have the following useful result (Fig. 2).
Lemma 3.2. If u ∈ S(Q ), then u(M1) + u(M6) = u(M2) + u(M5) = u(M3) + u(M4). Conversely, if uj is a given value at Mj,
for 1 ≤ j ≤ 6, satisfying u1 + u6 = u2 + u5 = u3 + u4, then there exists a unique function u ∈ S(Q ) such that u(Mj) = uj,
1 ≤ j ≤ 6.
In addition, by the result of Lemma 3.2, for j = 1, . . . , 8, we define the local basis functions ϕj : Q → R as the linear
functions satisfying
ϕ1(m) =

1, ifm = M1,M2,M3,
0, ifm = M4,M5,M6, ϕ2(m) =

1, ifm = M1,M2,M4,
0, ifm = M3,M5,M6,
ϕ3(m) =

1, ifm = M1,M3,M5,
0, ifm = M2,M4,M6, ϕ4(m) =

1, ifm = M1,M4,M5,
0, ifm = M2,M3,M6,
ϕ5(m) =

1, ifm = M2,M3,M6,
0, ifm = M1,M4,M5, ϕ6(m) =

1, ifm = M2,M4,M6,
0, ifm = M1,M3,M5,
ϕ7(m) =

1, ifm = M3,M5,M6,
0, ifm = M1,M2,M4, ϕ8(m) =

1, ifm = M4,M5,M6,
0, ifm = M1,M2,M3.
(3.3)
Since ϕ1 + ϕ8 = ϕ2 + ϕ7 = ϕ3 + ϕ6 = ϕ4 + ϕ5 and Lemma 3.2, we have
S(Q ) = Span{ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, ϕ6, ϕ7, ϕ8}
and dim (S(Q )) is four.
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Example 3.3. In this example, we report the dimension of S(Q ) is four withQ = [−1, 1]3.
Solve. The P1-nonconforming element on Q will be based on S(Q ) = Span{1, x, y, z}. From the definition of local basis
functionsϕj : Q → R, for j = 1, . . . , 8, we get
1 =ϕ1 +ϕ8 =ϕ2 +ϕ7 =ϕ3 +ϕ6 =ϕ4 +ϕ5,
x = ϕ1 +ϕ2 +ϕ3 +ϕ4
4
− ϕ5 +ϕ6 +ϕ7 +ϕ8
4
,
y = ϕ1 +ϕ2 +ϕ5 +ϕ6
4
− ϕ3 +ϕ4 +ϕ7 +ϕ8
4
,
z = ϕ1 +ϕ3 +ϕ5 +ϕ7
4
− ϕ2 +ϕ4 +ϕ6 +ϕ8
4
.
Then we know that Span{ϕ1,ϕ2,ϕ3, . . . ,ϕ8} = Span{1, x, y, z}.
Thus,
S(Q ) = Span{ϕ1,ϕ2,ϕ3,ϕ4,ϕ5,ϕ6,ϕ7,ϕ8}
and dim (S(Q )) is four.
From the definition of ϕk, k = 1, . . . , 8, and their linearity, we obtain∫
Fj
ϕ1 dx =
|Fj|, j = 1, 2, 3,
0, j = 4, 5, 6,
∫
Fj
ϕ2 dx =
|Fj|, j = 1, 2, 4,
0, j = 3, 5, 6,∫
Fj
ϕ3 dx =
|Fj|, j = 1, 3, 5,
0, j = 2, 4, 6,
∫
Fj
ϕ4 dx =
|Fj|, j = 1, 4, 5,
0, j = 2, 3, 6,∫
Fj
ϕ5 dx =
|Fj|, j = 2, 3, 6,
0, j = 1, 4, 5,
∫
Fj
ϕ6 dx =
|Fj|, j = 2, 4, 6,
0, j = 1, 3, 5,∫
Fj
ϕ7 dx =
|Fj|, j = 3, 5, 6,
0, j = 1, 2, 4,
∫
Fj
ϕ8 dx =
|Fj|, j = 4, 5, 6,
0, j = 1, 2, 3,
(3.4)
where |Fj| is the area of the face Fj.
Remark 3.4. Let N iV denote the number of interior vertices inΩ , then the degrees of freedom for the velocity and pressure
in this finite element spaces are equal to dN iV and N
i
V − 1, respectively. So the total unknown variables of the velocity and
pressure are (d+ 1)N iV − 1 for the d-dimensional Stokes equations with the Dirichlet boundary condition.
Remark 3.5. In this paper, we adopt P1-nonconforming quadrilateral and hexahedral elements (denoted by PS element) to
both the velocity and pressure for solving the Stokes equations.
4. The stabilized finite element method
Let (Th)0<h<1 be a family of quasiregular partitions ofΩ ⊂ Rd, d = 2, 3, into Qj, j = 1, . . . , J , which are nonoverlapping
convex quadrilaterals for d = 2 and hexahedrons for d = 3 with diam(Qj) ≤ h such that Ω = Jj=1 Q j. Denote
Γj = ∂Ω ∂Qj, be the boundary part of both Γ and Qj, Γjk = Γkj = ∂Qj ∂Qk be the interface between elements Qj
and Qk, and ξjk and ξj be the barycenters of Γjk and Γj, respectively.
The P1-nonconforming finite element spaceNCh0 for the approximation of velocity in the Stokes equations will be set by
NCh0 = {v ∈ [L2(Ω)]d : vj = v|Qj ∈ [S(Qj)]d, vj(ξjk) = vk(ξkj), v(ξj) = 0 ∀j, k}.
The pressure will be approximated by
Ph = {q ∈ L20(Ω) : qj = q|Qj ∈ S(Qj), qj(ξjk) = qk(ξkj), q(ξj) = 0 ∀j, k}.
For any v ∈ NCh0, let [v]Γjk = vj|Γjk − vk|Γjk be the jump of the function v across Γjk. Then it is easy to verify that∫
Γjk
[v]Γjk ds = 0 and
∫
Γj
v ds = 0. (4.1)
For any v ∈ NCh0, since NCh0 is the nonconforming finite element space, the gradient and the divergence operator on
the finite element space must be defined piecewise:
(∇ hv)|Q := ∇ (v|Q ) and (∇ h · v)|Q := ∇ · (v|Q ).
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Let (·, ·)j = (·, ·)Qj and ⟨f , g⟩j =

∂Qj
fg ds, and define the discrete counterparts of the bilinear forms as follows:
ah(u, v) = ν
−
j
(∇ hu,∇ hv)j and bh(v, q) =
−
j
(∇h · v, q)j. (4.2)
Let | · |1,h denote the (broken) energy semi-norm defined by |v|1,h =

ν−1ah(v, v). By definition, | · |1,h is a norm over
NCh0. Thus the discrete weak formulation of (2.1) is to seek a pair (uh, ph) ∈ NCh0 × Ph such that
Bh((uh, ph); (vh, qh)) = (f, vh) ∀(vh, qh) ∈ NCh0 × Ph, (4.3)
where
Bh((uh, ph); (vh, qh)) = ah(uh, vh)− bh(vh, ph)− bh(uh, qh).
From Ref. [14], we know the bilinear form bh(·, ·) does not satisfy a discrete inf–sup condition on the pair of the finite
element spaceNCh0 × Ph, i.e., there does not exist a positive constant β∗, independent of the mesh size h, such that
sup
vh∈NCh0
bh(vh, qh)
|vh|1,h ≥ β
∗‖qh‖0 ∀qh ∈ Ph. (4.4)
Moreover, the finite element spaces NCh0 and P
h satisfy the following approximation property [10]: for (v, q) ∈
[H2(Ω)]d × H1(Ω), there exist values of the interpolation operator for each vI ∈ NCh0 and qI ∈ Ph, such that
‖v− vI‖0 + h(|v− vI |1,h + ‖q− qI‖0) ≤ Ch2(‖v‖2,Ω + ‖q‖1,Ω). (4.5)
Since the (PS, PS) finite elements do not satisfy the discrete inf–sup condition, we use the similar technique in [24,23]
and add the extra term by using the Gaussian quadrature rule, for all p, q ∈ L2(Ω),
Gh(p, q) = G2(p, q)j − G1(p, q)j, (4.6)
where Gi(·, ·)j indicates a numerical integration over Qj that is an exact integration value for ith order polynomial, i = 1, 2.
Remark 4.1. For the two-dimensional P1-nonconforming rectangular elements, we use four points and one point Gaussian
quadrature rule on every element to compute the G2(p, q)j and G1(p, q)j, respectively. For three-dimensional P1-
nonconforming cuboid elements, we use eight points and one point Gaussian quadrature rule on every element to compute
the G2(p, q)j and G1(p, q)j, respectively. So the truncation error is zero for the first integration term, and the truncation error
isO(h2) for the second term. For the general quadrilateral and hexahedral elements, we only consider the regular rectangular
and cuboid parts on each element, respectively. For other irregular parts on each element, we do not need to compute the
Gh(p, q) over the irregular domain.
Now, we define an L2-projection operator πh : L2(Ω)→ Wh, such that
(p, qh) = (πhp, qh) ∀p ∈ L2(Ω), qh ∈ Wh, (4.7)
where Wh ⊂ L2(Ω) denotes the piecewise constant space associated with Th. The projection operator πh satisfies the
following properties:
‖πhp‖0 ≤ C‖p‖0 ∀p ∈ L2(Ω), (4.8)
‖p− πhp‖0 ≤ Ch‖p‖1,Ω ∀p ∈ H1(Ω),
where C > 0 is constant. Since (p − πhp, qh) = 0, for p ∈ L2(Ω) and qh ∈ Wh in (4.7), we give the bilinear form, for all
p, q ∈ L2(Ω), as
Gh(p, q) = (p− πhp, q) = (p− πhp, q− πhq). (4.9)
Then, a stabilized discrete weak formulation of the Stokes equations (2.1) is to seek a pair (uh, ph) ∈ NCh0 × Ph such that
B∗h ((uh, ph); (vh, qh)) = (f, vh) ∀(vh, qh) ∈ NCh0 × Ph, (4.10)
where
B∗h ((uh, ph); (vh, qh)) = Bh((uh, ph); (vh, qh))− αGh(ph, qh)
andα > 0 is a relaxation parameter. Obviously, using (4.8), it is easy to show that the operatorB∗h ((·, ·); (·, ·)) is continuous,
i.e.,
B∗h ((uh, ph); (vh, qh)) ≤ C(α)(|uh|1,h + ‖ph‖0)(|vh|1,h + ‖qh‖0), (4.11)
for all (uh, ph), (vh, qh) ∈ NCh0 × Ph. Here the constant C(α) depends on the parameter α.
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From now on, C(α) is a positive constant depending the parameter α. In the following we will show that the variational
problem (4.10) is stable. For each ph ∈ L2(Qj), there exists aw ∈ [H1(Qj)]d such that [28]
(divw, ph)j = ‖ph‖20,Qj , ‖w‖1,Qj ≤ C‖ph‖0,Qj . (4.12)
Setting the approximationwh ∈ NCh0 ofw and using the definition of the energy norm, we obtain that
‖wh‖1,h ≤ C‖ph‖0. (4.13)
Taking (vh, qh) := (uh − τwh,−ph) for some constants τ not to be determined yet and using (4.12), (4.13) and Young’s
inequality, we get
B∗h ((uh, ph); (vh, qh)) = ah(uh,uh)− τah(uh,wh)+ τbh(wh, ph)+ αGh(ph, ph)
= ah(uh,uh)− τah(uh,wh)+ τbh(wh −w, ph)+ αGh(ph, ph)+ τbh(w, ph)
≥ ν|uh|21,h − C1τν|uh|1,h‖ph‖0 − C2τGh(ph, ph)1/2‖ph‖0 + τ‖ph‖20 + αGh(ph, ph)
≥ ν(1− τνC21 )|uh|21,h +
τ
2
‖ph‖20 − (τC22 − α)Gh(ph, ph), (4.14)
where C1 and C2 are positive constants. Choosing τ˜ = min{ 2ν−12ν2C21 ,
α
2C22
} guarantees that
ν(1− τ˜ νC21 ) ≥
1
2
and α − τ˜C22 ≥
α
2
.
Setting v˜h := uh − τ˜wh and q˜h := −ph, then we see that
|B∗h ((uh, ph); (v˜h, q˜h))| ≥ C3(α)(|uh|1,h + ‖ph‖0)2, (4.15)
where C3(α), depends on parameter α. In addition, by using (4.13) and the triangle inequality, we obtain
|v˜h|1,h + ‖q˜h‖0 ≤ C4(α)(|uh|1,h + ‖ph‖0), (4.16)
where C4(α) depends on α. Combining (4.15) and (4.16), we have the coercivity of the operatorB∗h ((·, ·); (·, ·)), i.e.,
sup
(vh,qh)∈NCh0×Ph
|B∗h ((uh, ph); (vh, qh))|
|vh|1,h + ‖qh‖0 ≥ C(α)(|uh|1,h + ‖ph‖0). (4.17)
Finally, from (4.11) and (4.17), we know that the stabilized discrete variational formulation (4.10) is a stable variational
problem.
5. Error estimation
In this section, we derive the error estimation of the optimal order in the (broken) energy norm for the velocity. Then,
we use the coercivity of the operator B∗h ((·, ·); (·, ·)) to estimate the error estimation of the pressure. We finally apply a
standard duality argument to an error estimation in the L2-norm for the velocity.
First, we will deduce error estimates of the nonconforming finite element solution for the Stokes equations. In order to
bound truncation errors, we will use the following lemma, whose proof is omitted here, and follow similar arguments as
in [9] to estimate sums of some surface integrals over all edges.
Lemma 5.1. For any v ∈ [H10 (Ω)]d ∪NCh0, we have the estimates−
j

∂w
∂n
, v

j
 ≤ Ch‖w‖2,Ω |v|1,h ∀w ∈ [H10 (Ω)]d ∩ [H2(Ω)]d, (5.1)−
j
⟨n · v, q⟩j
 ≤ Ch‖q‖1,Ω |v|1,h ∀q ∈ H1(Ω), (5.2)
where n denotes the unit outward normal vector on Qj.
We introduce the projection operators (Lh, Rh) : [H10 (Ω)]d × L20(Ω)→ NCh0 × Ph such that
B∗h ((Lh(v, q), Rh(v, q)); (vh, qh)) = Bh((v, q); (vh, qh)) ∀(vh, qh) ∈ NCh0 × Ph, (5.3)
which is well defined by the continuity and coercivity properties of the operatorB∗h . Obviously, by using (5.3), we get
B∗h ((v− Lh(v, q), q− Rh(v, q)); (vh, qh)) = −αGh(q, qh). (5.4)
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Let (φ, ψ) = (v− vI , q− qI) and (w, r) = (vI − Lh(v, q), qI − Rh(v, q)), where vI , qI are interpolation values of v and q,
respectively. Due to (5.4), we see that
B∗h ((w, r); (vh, qh)) = −B∗h ((φ, ψ); (vh, qh))− αGh(q, qh). (5.5)
From (4.5), (4.8), (4.11) and the properties of the operatorB∗h ((·, ·); (·, ·)), we obtain
α|Gh(q, qh)| ≤ C(α)h‖q‖1,Ω(|vh|1,h + ‖qh‖0), (5.6)
|B∗h ((φ, ψ); (vh, qh))| ≤ C(|φ|1,h + ‖ψ‖0)(|vh|1,h + ‖qh‖0)≤ Ch(‖v‖2,Ω + ‖q‖1,Ω)(|vh|1,h + ‖qh‖0). (5.7)
Combining (4.17) and (5.5)–(5.7), we have
β(|w|1,h + ‖r‖0) ≤ sup
(vh,qh)∈NCh0×Ph
|B∗h ((w, r); (vh, qh))|
|vh|1,h + ‖qh‖0
≤ Ch(1+ α)(‖v‖2,Ω + ‖q‖1,Ω). (5.8)
Since (w, r) = (vI − Lh(v, q), qI − Rh(v, q)), we get
|v− Lh(v, q)|1,h + ‖q− Rh(v, q)‖0 ≤ (|v− vI |1,h + ‖q− qI‖0 + |w|1,h + ‖r‖0)
≤ C(α)h(‖v‖2,Ω + ‖q‖1,Ω), (5.9)
by applying (4.5) and (5.8) and the triangle inequality.
Combining the above results, we have the following error estimates.
Theorem 5.2. Let (u, p) and (uh, ph) be the solutions of (2.2) and (4.10), respectively. Then the estimate holds:
|u− uh|1,h + ‖p− ph‖0 ≤ C(α)h(‖u‖2,Ω + ‖p‖1,Ω), (5.10)
where the constant C(α) depends on parameter α.
Proof. Set (w, r) = (uh−Lh(u, p), ph−Rh(u, p))with the projection operator (Lh, Rh). Due to the coercivity of the operator
B∗h ((·, ·); (·, ·)), Lemma 5.1 and (5.4), we have
β(α)(|w|1,h + ‖r‖0) ≤ sup
(vh,qh)∈NCh0×Ph
|B∗h ((w, r); (vh, qh))|
|vh|1,h + ‖qh‖0
= sup
(vh,qh)∈NCh0×Ph
| −B∗h ((u, p); (vh, qh))− αGh(p, qh)+B∗h ((uh, ph); (vh, qh))|
|vh|1,h + ‖qh‖0
= sup
(vh,qh)∈NCh0×Ph
−ν∑j  ∂u∂n , vhj +∑j ⟨n · vh, p⟩j

|vh|1,h + ‖qh‖0
≤ Ch(‖u‖2,Ω + ‖p‖1,Ω).
From (5.9) and the above inequality, we get
|u− uh|1,h + ‖p− ph‖0 ≤ |u− Lh(u, p)|1,h + |w|1,h + ‖p− Rh(u, p)‖0 + ‖r‖0
≤ C(α)h(‖u‖2,Ω + ‖p‖1,Ω),
where C(α) depends on α. This completes the proof. 
In order to derive the L2-error estimate, we consider the dual problem
−ν1ψ +∇ χ = e inΩ, (5.11)
div ψ = 0 inΩ, (5.12)
ψ = 0 on ∂Ω, (5.13)
where e = u − Lh(u, p). Let η = p − Rh(u, p). Due to the assumption on the convexity of domain Ω , this problem has a
unique solution that satisfies the regularity property
‖ψ‖2,Ω + ‖χ‖1,Ω ≤ C‖e‖0. (5.14)
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Let (ψI , χI) be the interpolation value of (ψ, χ) inNC
h
0× Ph. Multiply (5.11) and (5.12) by e and η respectively, and add
the results. Then, using (5.3) with (vh, qh) = (ψI , χI), we get the following equality:
‖e‖20 = ah(ψ, e)− bh(e, χ)− bh(ψ, η)− ν
−
j

∂ψ
∂n
, e

j
+
−
j
⟨n · e, χ⟩j
= ah(ψ − ψI , e)− bh(e, χ − χI)− bh(ψ − ψI , η)− αGh(η, χ − χI)
+αGh(η, χ)− αGh(p, χI)− ν
−
j

∂ψ
∂n
, e

j
+
−
j
⟨n · e, χ⟩j.
Using the continuities of bilinear forms and (5.9), we get
|ah(ψ − ψI , e)− bh(e, χ − χI)− bh(ψ − ψI , η)| ≤ C(|e|1,h + ‖η‖0)(|ψ − ψI |1,h + ‖χ − χI‖0)
≤ Ch(|e|1,h + ‖η‖0)(|ψ|2,Ω + ‖χ‖1,Ω)
≤ C(α)h2‖e‖0(‖u‖2,Ω + ‖p‖1,Ω).
Also, applying the property of Gh(·, ·) and (5.9), we obtain
α|Gh(η, χ − χI)− Gh(η, χ)+ Gh(p, χI)| ≤ C(α)(h‖χ‖1,Ω‖η‖0 + Ch2‖χ‖1,Ω‖p‖1,Ω)
≤ C(α)h2‖e‖0(‖u‖2,Ω + ‖p‖1,Ω).
Using Lemma 5.1 and (5.9), we have−
j

∂ψ
∂n
, e

j
 ≤ Ch‖ψ‖2,Ω‖e‖1,h ≤ C(α)h2‖e‖0(‖u‖2,Ω + ‖p‖1,Ω), (5.15)−
j
⟨n · e, χ⟩j
 ≤ Ch‖χ‖1,Ω‖e‖1,h ≤ C(α)h2‖e‖0(‖u‖2,Ω + ‖p‖1,Ω). (5.16)
Combining above the inequalities and (5.9), we have the L2-error estimate.
Lemma 5.3. For any (u, p) ∈ [H10 (Ω)]d × L20(Ω),
‖u− Lh(u, p)‖0 + h(|u− Lh(u, p)|1,h + ‖p− Rh(u, p)‖0) ≤ C(α)h2(‖u‖2,Ω + ‖p‖1,Ω),
where the constant C(α) depends on parameter α.
Theorem 5.4. Let (u, p) and (uh, ph) be the solutions of (2.2) and (4.10), respectively. Then
‖u− uh‖0 ≤ C(α)h2(‖u‖2,Ω + ‖p‖1,Ω), (5.17)
where the constant C(α) depends on parameter α.
Proof. Let (e, η) = (u− uh, p− ph), multiplying (5.11) by (e, η) and integrating by parts on each element, we obtain
‖e‖20 = ah(ψ, e)− bh(e, χ)− bh(ψ, η)− ν
−
j

∂ψ
∂n
, e

j
+
−
j
⟨n · e, χ⟩j
= ah(ψ − ψI , e)− bh(e, χ − χI)+ bh(ψI − ψ, η)− αGh(χ − χI , η)
− ν
−
j

∂ψ
∂n
, e

j
+
−
j
⟨n · e, χ⟩j + αGh(p, χ − χI)− αGh(χ, ph). (5.18)
By using the similar estimates of Lemma 5.3 and Theorem 5.2, we have
|ah(ψ − ψI , e)− bh(e, χ − χI)+ bh(ψI − ψ, η)− αGh(χ − χI , η)|
≤ C(|e|1,h + ‖η‖0)(|ψ − ψI |1,h + ‖χ − χI‖0)
≤ C(α)h2‖e‖0(‖u‖2,Ω + ‖p‖1,Ω), (5.19)−ν−
j

∂ψ
∂n
, e

j
+
−
j
⟨n · e, χ⟩j
 ≤ C(α)h2‖e‖0(‖u‖2,Ω + ‖p‖1,Ω),
and
α|Gh(p, χ − χI)− Gh(χ, ph)| ≤ C(α)h2‖e‖0(‖u‖2,Ω + ‖p‖1,Ω).
Using (5.19) and dividing both sides of (5.18) by ‖e‖0, we obtain the L2-error estimate in (5.17). This completes the proof. 
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Fig. 3. The quadrilateral mesh.
Table 1
θ = 0.0; Numerical results of the first example by the standard (PS, PS)-nonconforming finite element method.
h DOF ‖u− uh‖0 Ratio |u− uh|1 Ratio ‖p− ph‖0 Ratio
1/4 26 0.852577E−01 – 0.150822E+01 – 0.204507E+00 –
1/8 146 0.194840E−01 2.13 0.812657E+00 0.89 0.216749E+00 −0.08
1/16 674 0.480997E−02 2.02 0.413599E+00 0.97 0.553717E−01 1.97
1/32 2882 0.119900E−02 2.00 0.207673E+00 0.99 0.138963E−01 1.99
1/64 11,906 0.299537E−03 2.00 0.103944E+00 1.00 0.347718E−02 2.00
1/128 48,386 0.748709E−04 2.00 0.519855E−01 1.00 0.869484E−03 2.00
Table 2
θ = 0.0 and α = 10.0; Numerical results of the first example by the proposed stabilized (PS, PS)-nonconforming finite element method.
h DOF ‖u− uh‖0 Ratio |u− uh|1 Ratio ‖p− ph‖0 Ratio
1/4 26 0.836165E−01 – 0.150251E+01 – 0.248507E−01 –
1/8 146 0.191657E−01 2.13 0.813465E+00 0.89 0.157057E−01 0.66
1/16 674 0.475909E−02 2.01 0.413707E+00 0.98 0.701973E−02 1.16
1/32 2882 0.119430E−02 1.99 0.207682E+00 0.99 0.276129E−02 1.35
1/64 11,906 0.300485E−03 1.99 0.103945E+00 1.00 0.966593E−03 1.51
1/128 48,386 0.756257E−04 1.99 0.519856E−01 1.00 0.296679E−03 1.70
Remark 5.5. For the three-dimensional Stokes equations, the stability analysis and error estimates for the velocity and
pressure canbe appliedwithoutmodification. Furthermore,we can extend this stabilizedpair to the stationaryNavier–Stokes
equations.
6. Numerical results
In this section, we present two numerical examples to confirm the theoretical results obtained in the previous section.
In order to show better stability and convergence of the locally stabilizedmethod, we compare the numerical results of our
proposed stabilizedmethod with the standard (PS, PS) finite element method for the Stokes problem.
In our numerical experiments, the viscosity ν is 1.0. We first consider a unit square domain Ω in R2. The velocity
and pressure are approximated in the rectangular meshes and quadrilateral meshes (see Fig. 3). Now we provide the first
numerical example for the two-dimensional Stokes equations. The exact solution is given by
u(x, y) = (s(x)s′(y),−s(y)s′(x)), p(x, y) = sin(2πx)(y2 − y)2,
where s(t) = sin(2π t)(t2 − t), s′(t) denotes the derivative with respect to t . The right-hand side function is generated by
the given Stokes equations f = −1u+∇p. The numerical results by the standard (PS, PS)-nonconforming method and the
proposed stabilizedmethod (α = 10.0) on rectangular meshes are presented in Tables 1 and 2 in terms of the H1-norm and
L2-norm convergence rates, respectively. The quadrilateral meshes are depicted in Fig. 3. Each element is a right trapezoid
whose the shape is controlled by a parameter θ ∈ [0, 1); see Fig. 4. Here, for any fixed θ , themeshes do not satisfy the nearly
parallelogram condition when h decreases. For convenience and simplicity, we present some results in Tables 3 and 4 by
standard method and proposed stabilizedmethod in the case of θ = 0.5 by varying α values. We observe from Tables 2 and
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Fig. 4. The shape of quadrilateral element.
Fig. 5. Effect of varying α for the case θ = 0 and h = 132 in the first example.
Table 3
θ = 0.5; Numerical results of the first example by the standard (PS, PS)-nonconforming finite element method.
h DOF ‖u− uh‖0 Ratio |u− uh|1 Ratio ‖p− ph‖0 Ratio
1/4 26 0.983716E−01 – 0.152297E+01 – 0.262527E+00 –
1/8 146 0.318959E−01 1.62 0.932107E+00 0.71 0.673710E+00 −1.36
1/16 674 0.851712E−02 1.90 0.480939E+00 0.95 0.557795E+00 0.27
1/32 2882 0.217227E−02 1.97 0.242544E+00 0.99 0.530137E+00 0.07
1/64 11,906 0.549189E−03 1.98 0.121663E+00 1.00 0.595403E+00 −0.17
1/128 48,386 0.139328E−03 1.98 0.608883E−01 1.00 0.538229E+00 0.15
Table 4
θ = 0.5 and α = 10.0; Numerical results of the first example by the proposed stabilized (PS, PS)-nonconforming finite element method.
h DOF ‖u− uh‖0 Ratio |u− uh|1 Ratio ‖p− ph‖0 Ratio
1/4 26 0.974520E−01 – 0.152193E+01 – 0.329739E−01 –
1/8 146 0.313873E−01 1.63 0.925443E+00 0.72 0.294712E−01 0.16
1/16 674 0.857321E−02 1.87 0.480986E+00 0.94 0.139172E−01 1.08
1/32 2882 0.219611E−02 1.96 0.242827E+00 0.99 0.461154E−02 1.59
1/64 11,906 0.552939E−03 1.99 0.121701E+00 1.00 0.134186E−02 1.78
1/128 48,386 0.138547E−03 2.00 0.608863E−01 1.00 0.395739E−03 1.76
4, when α = 10.0, that the convergence rates are optimal on these various quadrilateral meshes, which confirms well our
theoretical analysis. And the absolute error of velocity and pressure increase as θ increases.
Moreover, we show the effect on the error of varying α on a fixed mesh size h = 132 as θ = 0.0 and θ = 0.5 for the
first example by using the proposed stabilizedmethod in Figs. 5 and 6, respectively. We note that numerical results are not
sensitive with regard to the magnitude of the parameter α. These tables clearly indicate that numerical results obtained by
the proposed stabilized (PS, PS)-nonconforming finite element method are consistent with their convergence theory.
Second, we consider a unit cube domainΩ inR3. The velocity and pressure are approximated on the hexahedral meshes.
The exact solution of velocity of the second test problem is produced by a function
ψ(x, y, z) = (exp(x+ 2y+ 3z)x2(x− 1)2y2(y− 1)2z2(1− z)2)[1 1 1]T .
Set u(x, y, z) = ∇ × ψ. The exact solution of pressure is given by
p(x, y, z) = sin(2πx) sin(2πy) sin(2πz).
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Fig. 6. Effect of varying α for the case θ = 0.5 and h = 132 in the first example.
Table 5
θ = 0.0; Numerical results of the second example by the standard (PS, PS)-nonconforming finite element method.
h DOF ‖u− uh‖0 Ratio |u− uh|1 Ratio ‖p− ph‖0 Ratio
1/4 107 0.751763E−02 – 0.126139E+00 – 0.230423E+00 –
1/8 1371 0.233424E−02 1.69 0.755397E−01 0.74 0.548438E−01 2.07
1/16 13,499 0.618105E−03 1.92 0.395950E−01 0.93 0.138987E−01 1.98
1/32 119,163 0.156866E−03 1.98 0.200335E−01 0.98 0.351019E−02 1.99
1/64 1000,187 0.393605E−04 1.99 0.100465E−01 1.00 0.853136E−03 2.04
Table 6
θ = 0.0 and α = 0.5; Numerical results of the second example by the proposed stabilized (PS, PS)-nonconforming finite element method.
h DOF ‖u− uh‖0 Ratio |u− uh|1 Ratio ‖p− ph‖0 Ratio
1/4 107 0.144986E−01 – 0.180684E+00 – 0.138148E+00 –
1/8 1371 0.393171E−02 1.88 0.828153E−01 1.13 0.408272E−01 1.76
1/16 13,499 0.103330E−02 1.93 0.405567E−01 1.03 0.114063E−01 1.84
1/32 119,163 0.270569E−03 1.93 0.201641E−01 1.01 0.315957E−02 1.85
1/64 1000,187 0.701050E−04 1.95 0.100639E−01 1.00 0.855840E−03 1.88
Table 7
θ = 0.5; Numerical results of the second example by the standard (PS, PS)-nonconforming finite element method.
h DOF ‖u− uh‖0 Ratio |u− uh|1 Ratio ‖p− ph‖0 Ratio
1/4 107 0.846437E−02 – 0.136053E+00 – 0.245699E+00 –
1/8 1371 0.281409E−02 1.59 0.813320E−01 0.74 0.128240E+00 0.94
1/16 13,499 0.753483E−03 1.90 0.427170E−01 0.93 0.131623E+00 −0.04
1/32 119,163 0.191178E−03 1.98 0.215881E−01 0.98 0.134149E+00 −0.03
1/64 1000,187 0.545836E−04 1.81 0.118676E−01 0.86 0.714518E−02 4.23
Table 8
θ = 0.5 and α = 0.5; Numerical results of the second example by the proposed stabilized (PS, PS)-nonconforming finite element method.
h DOF ‖u− uh‖0 Ratio |u− uh|1 Ratio ‖p− ph‖0 Ratio
1/4 107 0.135127E−01 – 0.173251E+00 – 0.149941E+00 –
1/8 1371 0.413154E−02 1.71 0.896873E−01 0.95 0.509261E−01 1.56
1/16 13,499 0.109987E−02 1.91 0.466350E−01 0.94 0.174730E−01 1.54
1/32 119,163 0.283121E−03 1.96 0.237012E−01 0.98 0.673883E−02 1.37
1/64 1000,187 0.719387E−04 1.98 0.119059E−01 0.99 0.298240E−02 1.18
The right-hand side function is generated by f = −1u + ∇p. The numerical results presented in Tables 5–8 show
the H1-norm and L2-norm convergence rates. The cross section of each element in three dimensions is a right trapezoid
whose the shape is controlled by a parameter θ ∈ [0, 1); see Fig. 7. Here, for any fixed θ , the meshes do not satisfy
the nearly parallelogram condition when h decreases. We observe from Tables 6 and 8 that the convergence rates of the
proposed stabilizedmethod are optimal on these various hexahedral meshes, when α = 0.5, which confirms our theoretical
convergence analysis. But the absolute error of velocity and pressure increase as θ increases. As expected, the absolute errors
become smaller as the meshes are refined.
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Fig. 7. The shape of hexahedral element.
Fig. 8. Effect of varying α for the case θ = 0 and h = 132 in the second example.
Fig. 9. Effect of varying α for the case θ = 0.5 and h = 132 in the second example.
Moreover, when θ = 0.0 and θ = 0.5, we show the effect of the error of varying α on a fixed mesh size h = 132 in the
second example by using the proposed stabilized method in Figs. 8 and 9, respectively. From these results, we can observe
that the absolute errors of pressure of the proposed method are lesser than those by the standard mixed finite element on
the hexahedral meshes. For the general hexahedral meshes, we cannot obtain good results for the pressure by the standard
finite element method. In Figs. 8 and 9, we can also observe that there exists the optimal value α∗ for these examples. If
α > α∗, the absolute error of pressure increases rapidly as α increases. If α < α∗, the absolute error of pressure decreases
rapidly as α increases. The absolute error of velocity increases slowly as α increases for all cases.
In conclusion, the proposed stabilized (PS, PS)-nonconforming quadrilateral and hexahedral elements are simple and
stable elements for the Stokes equations. Error analysis and numerical examples have demonstrated the excellent stability
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and convergence properties of the nonconforming finite element method using the proposed stabilized (PS, PS) pair for the
two-dimensional and the three-dimensional Stokes problems.
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